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The paper examines the propagation of a plane free jet of incom- 
pressible liquid with variable conductivity in a transverse magnetic 
field at Re m << 1. 

In [1] the author  examined  the p r o b l e m  of p ropaga -  
t ion  of a p lane  l a m i n a r  j e t - - a  source  of i n c o m p r e s -  
s ible  conduct ing l iquid in a nonuni fo rm magne t i c  field. 
A s e l f - s i m i l a r  so lut ion was obtained for  the case  of 
cons tan t  conduct ivi ty  of the medium.  The p r e s e n t  
pape r  examines  the same  p r o b l e m  for  a f r ee  je t  a l low- 
ing for  va r i a t i on  of conduct ivi ty  with t e m p e r a t u r e ,  
unde r  the s i m p l e s t  a s sumed  dependence (~ = r (T). 

We c o n s i d e r  a plane je t  of conduct ing l iquid d i s -  
charg ing  f rom a s l i t ,  the l iquid having the same  phys i -  
cal  p r o p e r t i e s  as the su r round ing  medium.  We shal l  
examine  the case  when the jet  has cons ide rab le  en-  
thalpy,  i ts  t e m p e r a t u r e  exceeding that of the s u r r o u n d -  
ing medium:  T m >> T~.  We shal l  a s s u m e  that  the je t  
p ropaga tes  in a t r a n s v e r s e  magne t i c  f ield o r ien ted  
along the y axis (Hy = H0x ~) with Re m << 1. 

We shal l  f u r t he r  a s s u m e  that  the dependence of 
conduct ivi ty  on t e m p e r a t u r e  is exp re s sed  by the 
power  law 

~/~o = (T/To) m. (1) 

The initial system of equations 

Ou Ou O2u 2 2 a~ H u 
u _  + v = ~ u, (2)  

Ox - ~  OY 2 9 

0 (uxk__~) + 0 (vx k) _ O, 

ax at/ 

OT OT 02T 2 2 .~ a~ H,j u2 (3) 
" ~ d -  + v ~ - = a ou~ , - - ~ - -  

@"+(3--2k)PrI(a + 1 + 2 k ) F @ ' - - 2 y F ' @ ]  = 0 ,  (7) 

with boundary conditions 

F : 0 ,  U :  1, U ' = 0 ;  @= 1, 0 ' = 0  when q~,= 0; 

F' = 0 ;  ( 3 = 0  when q~-- • ~c. (8) 

It was a s s u m e d  in (6) and (7) that 

~ . - -  1 m y  

2 2 

N ~B2 § H~ g~ a 
- -  3 -- 2k (9) 

v b'To 2v b ~ 

(k = 0 appl ies  to a p lane  je t ,  and k = 1 to a f an-shaped  
jet). 

The r e  is no t e r m  account ing  for  joule  d i s s ipa t ion  
in the s e l f - s i m i l a r  energy equat ion (7), because  the 
l a s t  t e r m  on the r ight  in the in i t i a l  equat ion (3), as  
wil l  be seen  below,  d e c r e a s e s  with d i s tance  f rom the 
je t  o r ig in  m o r e  quickly than the o ther  t e r m s .  

By in tegra t ing  (6) and (7) a c r o s s  the je t ,  we obtain 
fo rmu la s  for  the dependence of the s e l f - s i m i l a r i t y  
cons tan t s  ~ ,  f i ,  and 7 on the magne t ic  i n t e rac t ion  
p a r a m e t e r  N, 

I i [o (~)1 ~ s' (,~) d~ 
N ~; 

a = - -  1 + 2 k +  [, 
3 

t IF' (r d r~ ] 
�9 i') / / 

z q-1 + 2 k  
~, - (10) 

2 

with boundary conditions 

OU 
- 0 ,  v = 0  w h e n y = 0 ,  (4) 

@ 

u - - 0  when g =  • 

unde r  the power - l aw s e l f - s i m i l a r i t y  t r a n s f o r m a t i o n s  

u=umF' ( r  T = r m @ ( q ~ ) ,  U m = a X  a,  

T m = g x v ,  q~= b x ~ y  (5) 

t r a n s f o r m s  to a sy s t em of o rd ina ry  d i f f e r e n t i a l e q u a -  
tions 

F"  -- (3--2k) [(a + 1 + 2k) FU' - -  2a F 3 ] = N 0 'n F', (6) 

F r o m  the e xp r e s s i ons  for  the m o m e n t u m  (Jx = 

o~ 3~-~- 1-t-21r 

f ) ( = 9 u2xkdg ~ x -' and flow ra te  G -- ~, ux1~d!/ 

a-[-l+2k 

x 2 ),  b e a r i n g  in  mind  that  the l a t t e r  may  only 

i n c r e a s e  along the je t  ax is ,  while the m o m e n t u m  is 
conse rved  in the o r d i n a r y  d i scharge  (N = 0), we find 
that  the value of ~ for  which the solut ion has phys i -  
ca l  mean ing  l ies  in the range  - 1  - 2k < c~, _< - 1 / 3  - 
- 2k/3. In o r d e r  to d e t e r m i n e  the dependence  ~ = 
= ~ (N), as is seen from the expressions obtained 
(i0), we need to solve (6) and (7). In a numerical 

solution we can ensure agreement of the solution with 

relations (10) by choosing a value of c~ (and it turns 

out to be unique) for which boundary conditions (8) are 
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s a t i s f i e d ,  with g iven  v a l u e s  of the p a r a m e t e r s  m ,  P r ,  
and N. The r e s u l t s  of i n t eg ra t i on  on a E M U - t y p e  c o m -  
p u t e r  a r e  p r e s e n t e d  in F igs .  1 and 2. 

I//////// 
2 :/./////// 

Y// 
~5 

0.8 c( 

Fig .  1. Dependence  of s e l f - s i m i l a r i t y  
cons tan t  ~ on the m a g n e t i c  i n t e r -  

a c t i o n  p a r a m e t e r  N fo r  m = 1 (so l id  
l ines ) ;  2 (dotted l ines) ;  3 (do t -dash  
l ines ) :  1) a t  P r  = 0 .1 ;  2) 0 .5 ;  3) 1; 

4) 2; 5 ) a t  cr = cons t .  

We sha l l  b r i e f l y  d i s c u s s  the inf luence of each  of the  
ind iv idua l  p a r a m e t e r s .  I n c r e a s e  of the m a g n e t i c  in-  
t e r a c t i o n  p a r a m e t e r ,  as  m a y  be seen  f r o m  Fig .  1, 
l e a d s  to a m o r e  r a p i d  d rop  in ve loc i t y  (and in m o -  
mentum)  a long the j e t  ax i s  (the va lue  of ~ i n c r e a s e s ;  
we r e c a l l  that  in the r e l a t i o n  u m = c~x ~ ,  the cons tan t  

< 0). The dynamic  t h e r m a l  t h i c k n e s s e s  of the je t  
then i n c r e a s e .  

With i n c r e a s e  of P r  n u m b e r ,  the t h i c k n e s s  of the 
t h e r m a l  l a y e r  d e c r e a s e s  (Fig .  2b), and the d e c e l -  
e r a t i n g  inf luence of the magne t i c  f ie ld  is  concen t r a t e d  
c l o s e  to the j e t  ax i s .  T h e r e f o r e ,  fo r  f ixed  va lues  of 
p a r a m e t e r s  m and N t h e r e  is  l e s s  a t t enua t ion  of the 
je t .  

F o r  P r  << 0 .1  and not o v e r l y  l a r g e  va lue s  of m ,  the 
r e l a t i o n  be tween  the va lues  of a and N is n e a r l y  l i n -  
e a r  (Fig.  1), and is  a p p r o x i m a t e l y  d e t e r m i n e d  by the 
r e l a t i o n ,  ob ta ined  for  cons tan t  conduct iv i ty  of the 
m e d i u m  [1], 

1 
(1 + 2/~ + N/2). 

3 

In th is  c a s e  the ve loc i t y  p r o f i l e s  a g r e e ,  within the 
l i m i t s  of a c c u r a c y  of the ma c h ine  c a l c u l a t i o n s ,  with 
the  p r o f i l e s  for  a p u r e l y  h y d r o d y n a m i c  j e t  d i s c h a r g e  
(F '  (rp) = ch-2rp). Th is  is  b e c a u s e  the  t h e r m a l  l a y e r  
t h i c k n e s s ,  fo r  s m a l l  P r  n u m b e r s ,  exceeds  the  d y -  
n a m i c  boundary  l a y e r  t h i c k n e s s .  T h e r e f o r e  i n t e r a c -  
t ion  of the conduct ing j e t  and the m a g n e t i c  f ie ld  o c c u r s  
m a i n l y  in a weak ly  v a r y i n g  t e m p e r a t u r e  f i e ld ,  i . e . ,  
with neg l ig ib le  v a r i a t i o n  of conduc t iv i ty  a c r o s s  the 
je t .  

With i n c r e a s e  of the  p a r a m e t e r  m in (1)-- the d e -  
pendence  ~ = cr (T ) - - t he re  is  a m o r e  r a p i d  v a r i a t i o n  
of conduct iv i ty  a c r o s s  the j e t ,  and the d e c e l e r a t i o n  
i s  l a r g e l y  l o c a l i z e d  in the r e g i o n  n e a r  the ax i s .  T h e r e -  
fo re  as  m i n c r e a s e s ,  the  e f fec t ive  t h e r m a l  j e t  t h i ck -  
n e s s  (Fig.  2 , c ) ,  a s  wel l  as  the va lue  of a (Fig .  1), 
d e c r e a s e .  The width of the dynamic  l a y e r  (in d i m e n -  
s i o n l e s s  coord ina t e s )  i n c r e a s e s  (Fig.  2 , c ) .  

The condi t ion  fo r  n o n t r i v i a l  solut ion of the dynamic  
p r o b l e m  in s e l f - s i m i l a r  t r a n s f o r m a t i o n s  (5) is  the 
i n t e g r a l  quant i ty  

c~ 

,t' u~ x:~dy = S = const > 0, (11) 
--r 

which does  not v a r y  along the j e t  ax is  when 5 = 
= ( a  - I - 2k)/2c~. Then v a r i a t i o n  of 5 in the  r a n g e  
1 < 5 _< 2 c o r r e s p o n d s  to v a r i a t i o n  of a in the r ange  
- 1  - 2k < ~ _< - 1 / 3  - 2k /3 .  The quant i ty  S i s  a s -  
s u m e d  to be given.  The inva r i an t  (11) is  not  unique 
fo r  the  s e l f - s i m i l a r  t r a n s f o r m a t i o n s  (5). F o r  ex -  

i a--i  
a m p l e ,  the  i n t e g r a l  \&-y-y ] i s  a l so  c o n s e r v e d  

--00 

along the j e t  a x i s ,  and m a y  be u sed  to d e t e r m i n e  con-  
s t an t s  a and b. I t  is  ev ident ,  howeve r ,  that  choice  
of d i f f e ren t  i n t e g r a l  i nva r i a n t s  l eads  only to d i f f e ren t  
me thod  of def ining an a r b i t r a r y  longi tud ina l  ve loc i t y  
s c a l e ,  and has  no inf luence on i ts  f inal  magni tude .  

Using the i n t e g r a l  condi t ion (11), in conjunc t ion  
with the  r e l a t i o n  a = 2 (3 - 2k) ub 2, we f ind the con-  
s t an t s  a and b: 

[i 1 a ~ ~ 

b 
V 2v 

p / 2 ,  (a - k) .f [e'(~)l~ d 

o.e 

~6 

0 . 2 - -  

\ k  \ - ,  3 

J / , X ~ (  - 7 . .  F ' -  

0 O 

\ ~" "x 2 

: 2 3 

?~--s. 

Fig .  2. Re la t ive  ve loc i t y  (full l ines )  and t e m p e r a t u r e  (dotted l ines )  p r o f i l e s :  a) with m = 1 
and P r =  0 .5 :  1 ) w i t h N = 0 ,  2) 1 , 3 ) 2 ,  4) 3 ; b )  w i t h m = l  a n d N = 2 :  1) w i t h P r =  0 . 1 ; 2 )  

0.5,  3) 1, 4) 2 ; c ) w i t h N = 2 a n d P r = O . 5 : l ) w i t h m = O ,  2) 1, 3) 2, 4) 3. 
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F r o m  the condi t ion of conse rva t ion  of excess  en -  
thalpy 

(3--2k)(a4-1+2k) Pr 
= [~, (~)] 2 , (19) 

cC 

Q= j f, C p u x k ( T - - T ~ ) d ! / : = o C p  ,!'uTxf~dcj (13) 
--~ -oc 

we d e t e r m i n e  the cons tan t  g: 

[I ] b Q %E 
g -- - od{p . 

a pC~ ,~ 
-co 

(14) 

In the special case examined below we succeeded 
in integrating the system (6), (7). We shall assume 
that the power-law relation, occurring in discharge 
of a jet of liquid with constant conductivity, between 
velocity and temperature profiles is conserved: 

0 (~p) = [U (@1~ (15) 

sa t i s fy ing  a s sumpt ion  (15), unde r  which (6) was in te -  
gra ted.  The condi t ion m .  n = 1 d e t e r m i n e s  the r e l a -  
t ion  between the quant i t i es  m ,  N, and P r  

P r (3 - -2k) (a  § 1 + 2 k ) m =  1. 

The va lues  of cons tan t s  a, b,  and g a r e  d e t e r m i n e d  
as before  by (12) and (13). 

We note ,  f ina l ly ,  that  some of the p r o p e r t i e s  of 
s e l f - s i m i l a r  flow of a je t  of l iquid of cons tan t  con-  
duct ivi ty  a r e  c onse r ve d  in the p r o b l e m  examined.  
This  is r e l a t ed  to the p r e s e n c e  of a f ini te  reg ion  where  
the re  is va r i a t i on  of the s e l f - s i m i l a r i t y  cons tan t s  and 
in t e rac t ion  between the bas i c  p a r a m e t e r s  of the p rob-  
l em (momentum of the je t ,  excess  enthalpy,  and the 
p a r a m e t e r s  defining the ex te rna l  magne t i c  field). 

(this r e l a t ion  wil l  be obtained below f rom the t h e r m a l  
equation).  Then  (6) is r e w r i t t e n  in the fo rm 

F "  + (3 - -  2k)[(~ + I + 2~) x 

• F F - -  2~ F '2 ] = NF ''~n+I. (16) 

This  equation is in tegra ted  in quad ra tu re s  with m .  n = 
= 0 (In = 0, the case  of cons tan t  conductivi ty)  and 
m .  n = 1. In the l a t t e r  case  the solut ion wil l  be the 
funct ion 

F '  (O  = ch-2 V 1 - N/6 % (17) 

where 

(18) 

N OT AT ION 

u, v - long i tud ina l  and transverse velocity components; x, y -  
longitudinal and transverse coordinates; T - t e m p e r a t u r e ;  H y - m a g -  
netic field intensity; m - e x p o n e n t  in expression (1); a, b, and g -  
constants; S- in tegra l  invariant (given); G, Jx, Q - m a s s  flow rate, 
momentum flux, and excess enthalpy of jet; H0, T0-character is t ic  
values of magnet ic  field intensity and temperature; Tin, T ~ - v a l u e s  
of temperature on jet axis and in surrounding medium,  respectively; 
o, o0-eonductivity,  and its characteristic value; u - k i n e m a t i c  vis- 
cosity; o -dens i ty ;  p -pe rmeab i l i ty ;  k - n u m e r i c a l  constant (k = 0, 1); 
F ' -d imens ionless  velocity in a cross section of the jet; q - r e d u c e d  
coordinate; Re in -magne t i c  Reynolds number; N - m a g n e t i c  inter-  
action parameter;  |  dimensionless temperature.  
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From the thermal equation (17) we determine an 
expression for dimensionless temperature profile 

0 ((p) ~ [ chV-1  - -  N/6 q)]--(3--2k)(~+I-t-2k) Pr = 23  N o v e m b e r  1 9 6 5  


